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Single-Phase ac Impedance Modeling for
Stability of Integrated Power Systems
Jing Huang, Student Member, IEEE, Keith Corzine, Member, IEEE and Mohamed Belkhayat

Abstract—To date, the only power system stability requirement
that can be decomposed or quantitatively "flowed" down to
component design requirements are impedance based. Impedance
based requirements have been advanced for both dc and
three-phase ac but none for single-phase ac interfaces. What are
ultimately needed are universal stability requirements that are
applicable to dc, single-phase ac, and three-phase ac interfaces as
well as a measurement tool which can be used to enforce the
requirements at all interfaces without changing the fundamental
structure of the impedance measurement device. These advanced
techniques should be applicable to all voltage levels currently in
use by navy systems, including the anticipated 13.8 kV systems.
This paper lays the groundwork for universal stability
requirements by providing technical detail of the impedance
analysis of the single-phase ac system. Model development and
simulation of impedance extraction are presented.
Index Terms — single-phase ac, impedance measurement,
stability, small-signal model.

I. BACKGROUND

N

aval shipboard power systems are increasingly
incorporating a greater degree of power electronic
converters. Many of these power converters have a constant
power nature which leads to negative incremental input
impedance and can lead to unstable operation [1]. Therefore,
system integrators must be concerned about inter-operable
stability of components from various vendors. The system
stability can be assessed using the source and load impedances
at an interface in the power system. For a dc interface,
considerable research has shown that the stability can be
analyzed through the impedances [2], that the impedance can
be easily determined through measurement [3], and that the
power converter control can be modified to mitigate the
instability [3]. Research at ac interfaces is somewhat more
recent with new stability criteria defined [4]. A common
example of an ac interface is the active rectifier shown in Figure
1. Therein, a three-phase ac source supplies a dc load through a
PWM rectifier and associated passive filter. The current
injection is a source of small-signal disturbance used to obtain

the source impedance (looking back to the left) and load
impedance (looking to the right). The injection current may
consist of suppressed carrier signals from a linear amplifier as
detailed in previous research [5]. The injection signals may
also come from power electronic chopper circuits or from an
externally connected electric machine [6]. Compared to dc
impedance measurement, these techniques are relatively new.
An even newer concept is the use of a power electronic chopper
circuit which injects a line-to-line current disturbance for
three-phase impedance measurement [7]. In any case, the
measured impedances are in the d-q synchronous reference
frame where the system model can be linearized around an
operating point [4-7].
The need for stability assessment of dc and three-phase ac
systems for naval applications is readily understood. However,
some portions of the system contain low-voltage single-phase
ac which could also be unstable. Impedance modeling in this
area is particularly unique, since single-phase ac does not have
a constant operating point as with dc and does not have an
obvious rotational transformation as with three-phase ac.
In this paper, the relationship between system stability and
small-signal impedances for dc and three-phase ac systems is
established in Section II. To extend the concept to single-phase
ac systems, a reference frame transformation based on the
Hilbert transform is then proposed in Section III. Impedance
measurement techniques based on signal injection and the
transformation is also discussed in this section. In Section IV, a
single-phase active rectifier system is used to validate the
proposed technique. Impedance characteristics are obtained
from both a small-signal model of the system and the proposed
injection method based on simulation results. Comparisons of
the results show that the impedances measured with the
injection technique match those obtained from the small-signal
model.
II. IMPEDANCE-BASED STABILITY ANALYSIS
This analysis starts with a negative feedback system as in
Figure 2. The closed-loop transfer function can be expressed by
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(1)

Figure 1. Example active rectifier system.

Figure 2. General negative feedback system.

It is well known that the stability of the system can be observed
by the Nyquist contour of the open-loop transfer function GH.
Similarly, a power system can be simplified as shown in Figure
3. If the source voltage is taken as the input and the load voltage
as the output, the transfer function will be
v
1
1
=
=
(2)
vs 1 + Z s / Z l 1 + Z s Yl
By examining the Nyquist contour of the product of the source
impedance Zs and load admittance Yl at an operating point, the
stability of system can be easily determined.

Figure 3. Simplified power system.

In [1], Middlebrook stated the criterion that a system is stable
if the Nyquist contour of ZsYl remains within the unit circle.
Since then, considerable research on the impedance/admittance
extraction method has been conducted for dc systems.
Extraction of impedance/admittance in dc systems is relatively

simple due to natural existence of the system’s equilibrium
point. Small disturbance at specific frequency which could be a
shunt current or a series voltage will injected into the system
and the pertinent currents and voltages at this frequency are
calculated and processed to obtain the small signal impedance
(Z = ∆v / ∆i ) or small signal admittance (Y = ∆i / ∆v ).
Impedance over the frequency range of interest could be
obtained by repeating this procedure.
For a three-phase ac system, the small-signal impedance
characteristics of a source or load describe the
frequency-dependent relationship between small variations of
voltages and small variations of currents. When all quantities
are transformed into the d-q reference frame, the relationship
can be expressed as (3). In this case, the source or load
impedance has a matrix form. The stability criterion can then be
stated based on combination of source impedance matrix and
load admittance matrix [4].

 ∆vq   Z qq Z qd   ∆iq 
(3)
 
 ∆v  =  Z
 d   dq Z dd   ∆id 
The ∆ denotes the small deviation of the respective variable

from the equilibrium point
Impedance measurement techniques based on small-signal
injection in three-phase ac systems and dc systems have been
widely used in many applications [4-7]. However, the
application of this technique in a single-phase ac system has
received little attention. The main obstacle is that the nonlinear
and time-varying nature of the system’s equilibrium point
makes it difficult to model and analyze the system directly with
conventional methods.
The sections below show the definition and measurement of
impedance characteristics in single-phase ac systems, in which
an approach similar to those in three-phase systems is taken.
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III. SINGLE-PHASE AC IMPEDANCE MEASUREMENT
A. Reference frame transformation
In the stability analysis of three-phase ac systems, a
transformation of reference frame is often used to convert the
three-phase sinusoidal voltages and currents to dq0 quantities.
With an appropriate reference frame, these quantities become
dc for balanced steady-state operation, which makes it
straightforward to build the small signal model of the system.
Stability criteria have been proposed for three-phase ac systems
in the synchronous reference frame [4]. However, these criteria
cannot be applied directly to single-phase ac systems because
the conventional reference frame transformation is only
applicable to systems with more than one phase.
Some theories and techniques on single-phase d-q rotating
reference frame have been proposed and applied to the control
of reactive power compensation and active filters [8-11]. In one
of these methods, the single-phase ac signal is decomposed into
two orthogonal signals by demodulation and filtering [8, 9].
Another commonly-used transformation technique creates a
fictitious phase signal based on the original signal, and then
transforms the two signals into d-q using conventional
two-phase transformation [9-11]. The effects of these two
methods are identical in that the original signal is mapped to a
rotating system at synchronous speed, although the initial phase
angle of the rotating systems may differ.
In this paper, the second transformation technique is used.
The first step of the transformation is to create a fictitious phase
signal that is orthogonal to the input signal. One way to create
the fictitious phase signal is to use a fixed time delay so that
there is a 90 º phase shift between the signals [10]. Although
this method is easy to implement, it only ensures that the
fundamental frequency components of the signals are
orthogonal. Since stability analysis of the system involves the
injection signal with a wide frequency range, this method is not
suitable.
The Hilbert transform is a mathematical procedure that shifts
each frequency component of the instantaneous spectrum of a
given signal by 90º while maintaining the amplitude. The
output is orthogonal to the input in steady-state as well as
during transient periods. Sines are therefore transformed to
cosines and vice versa. The definition of the Hilbert transform
is as follows:
s (t ) = H {s} = (h * s )(t ) =

∞

∫ s(τ )h(t − τ )dτ

(4)

−∞

where h(t ) = 1 (π t ) . In frequency domain, the Hilbert
transform has the effect of shifting the negative frequency
components of s(t) by -90° and the positive frequencies
components by 90°.
To study system stability with frequency-dependent
impedance characteristics, test signals of various frequencies
are injected into the system to create perturbations. The
advantage of Hilbert transform is that it guarantees both the
injected component and the fundamental-frequency component
in the fictitious phase signal are orthogonal to those in the input
signal.

In order to determine the equilibrium point in reference
frame, the fictitious phase is introduced, which has the exact
circuit as the original one except that each quantity xb, which
could be obtained from the Hilbert transform, is shifted by 90º
with respect to the quantity xa in the original circuit. Then the
d-q quantities can be constructed with a traditional two-phase
reference frame transformation given by
 xq   cos (θ ) sin (θ )   xa 
 x  = − sin θ cos θ   x 
( )
( )  b 
 d 
(5)
With the voltages and currents in both the original and the
fictitious phases transformed into the d-q synchronous
reference frame, it is straightforward to define impedances in
the same reference frame.
B. Injection technique
To evaluate the stability of a power electronic system based
on the above mentioned criteria, it is crucial to obtain the
impedance or admittance characteristics of the system. Since
most practical systems are essentially nonlinear, these
characteristics are in a small-signal sense, i.e., they are the
dynamic behaviors of the system in response to small
perturbations at a steady-state operating point. In the design
stage of a system, mathematical simulation models are usually
built and can be used to derive the impedance characteristics.
For existing hardware systems, it is often necessary to
determine the impedances by experiment. A commonly used
method for impedance extraction is to inject small perturbation
signals to the system and then analyze its response.
Methods of extracting impedance by disturbance injection
have been well established in three-phase ac system and dc
system [4-7]. In a single-phase ac system, a small signal is
injected into the system and a fictitious injection signal can also
be injected into the fictitious system. The fictitious injected
signal has a 90º phase shift with respect to the real injection
signal,
ia1inj = cos(ωe t − ωs t )
(6)
ib1inj = sin(ωe t − ω s t )
Herein, ωs is the desired injection frequency, which ranges
from 0.01 Hz to several kHz. To obtain the impedance
characteristics of the system over a wide spectrum, multiple
frequency points in the range are selected for injection.
The injected signals turn out to be sinusoidal in d-q
synchronous reference frames, which are similar to the
small-signal injection used in dc systems. In particular, the
injected components in d-q current under the synchronous
reference frame are
iq1inj = cos(ωs t )
(7)
id 1inj = sin(ωs t )
According to the stability criteria for three-phase ac systems,
a key step in the analysis procedure is to obtain the impedance
matrix. For a single-phase ac system with an additional
fictitious phase, the impedance matrix consists of four elements,
Zqq, Zqd, Zdq, and Zdd. Therefore, at least two sets of
measurements are needed in order to solve the linear system of
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equations in (3). For the two measurements, the full set of
equations can be written as
Vi q1 = Z qq I q1 + Z qd I d 1
(8)
Vi d 1 = Z dq I q1 + Z dd I d 1

(9)

Vi q 2 = Z qq I q 2 + Z qd I d 2

(10)

Vi d 2 = Z dq I q 2 + Z dd I d 2

(11)

where the capital I and Vi are the measured phasor currents
and voltages at the injection frequency ωs, respectively. The
equations have a unique solution for the impedance matrix only
when the two measurements are linearly independent. Thus two
independent injections are needed. Another possible set of
injection signals are
ia 2inj = cos(ωe t + ωs t )
(12)
ib 2inj = sin(ωe t + ω s t )
and the injected d-q currents are
iq 2inj = cos(ωs t )
id 2inj = − sin(ωs t )

Figure 4. Single-phase active rectifier.

Figure 5. Active rectifier equivalent circuit.

(13)

By comparing injection currents in (7) and (13), it can be
seen that the two sets of injection currents are linearly
independent, and thus they can be used to determine all the four
elements in the impedance matrix of the injection frequency.
Since most single-phase ac power systems utilize a relatively
low voltage level, linear power amplifiers may be used to as the
injection device. For high-voltage single-phase ac systems, a
chopper circuit similar to the one discussed in [6-7] can be used,
in which IGBT switching devices are used to handle the high
voltage and current ratings.
IV. EXAMPLE SYSTEM
A single-phase active rectifier is used as an example system
to demonstrate the single-phase ac impedance theory and
injection techniques described above. This ac/dc converter is
nonlinear and time-variant due to the switching of the
transistors and the existence of an alternating source. This
characteristic makes it a typical example for the analysis of
single-phase ac systems. Much research has discussed the
modeling process of such systems. For single phase ac system,
generalized state-space averaging model or large-signal model
are popular models, while commonly-used criteria for stability
analysis are based on linearized small-signal models. To
investigate the issue with already known techniques, it is
necessary to first establish a small-signal model of the system.
Currently, most of the small-signal model of such system
focuses on the dc side of the system. To illustrate the validity of
the proposed theory and technique, voltage-current
relationships on the ac side of the system are developed.
Figure 4 shows the example system used in this paper. The ac
source is represented by an ideal sinusoidal voltage source with
an internal inductance. The four switching devices are
controlled by PWM signals. A resistive load is connected to the
dc side.

The modeling procedure involves the following steps. First,
differential equations are formulated that describe the
time-domain dynamics of the system in each switching state.
di
L ar = vas − var
(14)
dt
dv
v
(15)
C dc = idc − dc
dt
R
The discrete-time switching property of the system is then
eliminated via averaging over time as shown in Figure 5. The
equivalent circuit has a controlled source as
m
var = vdc cos(ωe t + φv )
(16)
2
where m and φv are the rectifier modulation index and phase
angle. This equivalent circuit is not ready for linearization,
because it only eliminates the discrete part of original model
and still has a lot of time-variant terms.
It should be noted that if the instantaneous values of vdc and
idc are used in the model, components of multiple frequencies
would appear in (15), and it is impossible to find a reference
frame where the time-variance properly is eliminated. Given
that the dc link capacitor keeps vdc at the relatively constant
level, its average value is used. A moving-average operator is
used to indicate that the variable is an average value.
d v dc
P v dc
=
−
(17)
dt
v dc R
The state-space equations show that there are two state
variables in the system: vdc and iar. However, to identify the
impedance of the rectifier looking from the ac side, it is
desirable to have var and iar as the state variables. Since
equation (16) describes the relationship between var and vdc, it
can be used together with equations (14, 15) to derive a new set
of state-space equations.
To remove the time-variance property of the model, a
fictitious phase is introduced based on the Hilbert transform,
C
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and then the phase variables are transformed into d-q quantities.
Synchronous reference frame is used to convert var, iar and its
fictitious phase variable vbr, ibr to d-q quantities, and (14)
becomes
vqs vqr
piqr =
−
− ωe idr
L
L
(18)
v
v
pidr = ds − dr + ωe iqr
L
L
The relationship between vdc and var could be updated as
m
vqr = v dc cos(φv )
2
(19)
m
vdr = − v dc sin(φv )
2
Also the average power could be expressed by d-q quantities as
vqr iqr + vdr idr
(20)
P=
2
Combining the equations (14, 17, 19, 20), another set of d-q
state-space equations can thus be established where vqr, vdr, iqr
and idr are the state variables.
m2 cos 2 (φv ) vdr idr vqr m 2 cos 2 (φv )
pvqr =
−
+
iqr
vqr
RC
8C
8C
(21)
m2 sin 2 (φv ) vqr iqr vdr m 2 sin 2 (φv )
pvdr =
idr
−
+
vdr
RC
8C
8C
Equations (18) and (21) form the average-value state-space
model of system. Since the time-varying terms are eliminated,
they can now be linearized.
Next an equilibrium operating point can be determined based
on the average-value equations and the desired operating
conditions. The model then can be linearized around the
equilibrium point. The linearization process involves
expanding the equations with Taylor series, keeping only the
first-order terms, and removing steady-state and high-order
terms. The results are a set of linear equations. The linear
models describe system responses to small deviation or
perturbations from nominal state. Laplace transform is used to
convert the time-domain relationships to s-domain
(frequency-domain) relationships, a similar form as equation (3)
is easily derived and the impedance characteristics can be
readily determined. The resulted d-q impedances are,
D E − A1 H1
D F − B1 H1
Z qq = 1 1
, Z qd = 1 1
C1 H1 − D1G1
C1 H1 − D1G1
(22)
A G − C1 E1
B G − C1 F1
Z dq = 1 1
, Z dd = 1 1
C1 H1 − D1G1
C1 H1 − D1G1
where
m 2 cos 2 (φv )
,
A1 =
8C
m2 cos 2 (φv ) Vdro
B1 =
,
8C
Vqro
C1 = −s −

D1 =
E1 =
F1 =
G1 =

m 2 cos 2 (φv ) I dro
,
8C
Vqro
m 2 sin 2 (φv ) Vqro
8C

Vdro

,

m2 sin 2 (φv )

,
8C
m 2 sin 2 (φv ) I qro
8C

Vdro

,

2
2
1 m sin (φv ) Vqro I qro
−
.
RC
V 2 dro
8C
and Vqro, Vdro, Iqro, Idro are the equilibrium values. For
simplicity, variables m and φv are set to constants in this
example system.
At the ac source side, the only component is an inductor and
its impedance matrix can be easily determined.

H1 = −s −

V. SIMULATION RESULTS
The active rectifier system was simulated in the Advanced
Continuous Simulation Language (ACSL) and an ideal current
source was used to inject the disturbance. In a laboratory
setting, the injection circuit could be an amplifier located just
before the rectifier on the ac side as shown in Figure 7. The
injection frequency was swept from 0.1 Hz to 5000 Hz and the
load impedance was extracted at each frequency. Figure 6
shows a detailed flow chart for measuring a set of impedances
in single phase ac system. It involves injecting currents of (6,
12) at |fs + fe| and |fs - fe| and capturing steady-state data for
each measurement frequency. The Hilbert transform will be
taken to build fictitious phase variables, which are used to
transform all measured currents and voltages into the
synchronous q-d reference frame. The disturbance signal is
actually the terms at specific frequency in the frequency
domain. The transformed variables are processed with FFT,
and then the magnitude and phase values for each voltage and
current value at the injected frequency are extracted. The
impedances are calculated from (8)-(11) and the process is
repeated for all injection frequencies of interest.
Three stability criteria were proposed in [4] based on the
combination of source impedance and load admittance. All
these criteria only utilize magnitude information of the
impedance matrix. Thus only the magnitude information of the
extracted impedances is measured and shown here.
Figure 8 shows the impedances obtained from the simulation
injection and impedances calculated based on (3). Herein, the
solid line denotes the calculated impedances and the + markers
correspond to the points predicted from the injection methods.
As can be seen, the disturbance injection determines the
impedance fairly accurately when compared to the model
proposed herein.

2
2
1 m cos (φv ) Vdro I dro
−
,
RC
8C
V 2 qro
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rectifier system.

Figure 7. System with injection circuit.
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Figure 8. Comparison injected and calculated impedances.
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